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Rigorous Field Theory Design of
Millimeter-Wave E-Plane Integrated

Circuit Multiplexer
JOACHIM DITTLOFF AND FRITZ ARNDT, SENIOR MEMBER, IEEE

Mstracf —The overall field theory designs of two types of quasi-planar

millimeter-wave multiplexer utilizing low-cost, low-insertion-loss printed

metallic E-plane filters are described. Very compact components are
acfrieved by using ,~ -plane filters printed on a common metal sheet which

is directly integrated in the septate sections of an E-plane n -furcated
split-block waveguide housing. Tke second configuration proposed extends
the useful principle of wavegnide H-plane slit-coupled manifold multiplex-

er to the case of millimeter-wave printed metallic E-plane filters. Based

on the modal scattering matrix description of suitable key building blocks,
the rigorous simulation tecludque used comprises the complete multiplexer

structure includlng the E-plane transformer or iris elements, the wave-

guide E- or H-plane junctions, and the filter sections. The optimization
process takes all relevant influences into account, such as finite metalliza-

tion thicknesses and the higher order mode interactions of all discontinu-

ities. Computer-optimized data are presented for seven-resonator metal
insert filter diplexer and triplexer examples in the E-band (60-90 GHz)
desigued for common-port passband return losses of more than 25 dB and
20 dB, respectively. The theory is verified by measured results of typical
individual components and of a septate E-plane dlplexer realized in the

Ku-band.

I. INTRODUCTION

I ,NCREASING progress in millimeter-wave receiver
technology has created the need for compact, low-cost,

high-performance diplexers and multiplexer utilizing
quasi-planar printed-circuit components [1]–[10]. Previous
designs use quadrature hybrid coupled E-plane dual low-
pass [1] and bandpass filters [2]–[4], [8], or common junc-
tion E-plane tee [5], H-plane tee [4], [6], coaxial probe [7],
and suspended probe coupling techniques [9], [10]. Hybrid
and probe feeding methods require supplementary cou-
pling structures, which may cause additional costs and
losses [11], [12]; with open H-plane tee junctions it maybe
difficult to compensate for the rapid reactance varia-
t;fi~ n 21

This paper describes two new types of quasi-planar
millimeter-wave multiplexer configurations (Fig. 1) which
avoid these shortcomings and may help to take advantage
of the full low insertion loss and low-weight potential
inherent in the metallic E-plane filter technology. The
directly fed multiplexer, recently introduced by the authors
[27], is integrated in the septate waveguide E-plane (Fig.
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Fig. 1. Quasi-planar millimeter-wave E-plane integrated circuit multi-
plexer. (a) Scptate E-plane multiplexer with metallic E-plane filters on
a common metaf sheet. (b) Waveguide H-plane slit-coupled manifold
multiplexer with metaflic E-plane filters.

l(a)) and hence combines the attributes of the compact,
low-cost design of .&plane filters printed on a common
metal sheet with the broad-band low-insertion-loss proper-
ties of E-plane rz-furcated power dividers [14]. The mani-
fold type (Fig. l(b)) extends the known useful design
principle of waveguide H-plane slit-coupled manifold mul-
tiplexer [17] to the case of quasi-planar metallic E-plane
filters.

Many refined design procedures are available based on
impedance inverter and low-pass prototype techniques [11],
[15]-[17], [2]-[4], [7], [8], on equivalent circuit methods
[18], and on exact filter data combined with equivalent
circuits for the junctions [6], [9], [10]. As higher order mode
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interaction effects have turned out to be of increasing
importance at millimeter-wave frequencies, even for de-
signing single filters [19]–[22], rigorous methods must be
applied for the reliable computer-aided design of the com-
plete multiplexer structure. Moreover, it may be desirable
to utilize the full design potential of the quasi-planar
multiplexer technology, such as compactness and low cost,
by using exact field theory methods in the optimization
process, which take all mutual compensation effects of the
individual multiplexer elements rigorously into account
and hence may help to avoid extra imtittance compensa-
tion networks.

The computer-aided design method in his paper, there-
fore, is based on field expansion into normalized eigen-
modes [13], [14], [20], [22]–[25], which yield directly the
modal S matrix of appropriate key building-block discon-
tinuities. The immediate modal S matrix combination of
all interacting structures includes the higher order mode
coupling effects and the finite thickness or spacing of all
obstacles and allows the stopband characteristics of the
filters to be included in the multiplexer design. For com-
puter optimization, the evolution strategy method [20],
[22], [25], [26], i.e., a suitably modified direct search proce-
dure, is applied where no differentiation step in the opti-
mization process is necessary and hence the problem of
local minima may be circumvented.

Design examples for optimized diplexers and triplexes
in the E-band (60–90 GHz) are given. The septate E-plane
and the manifold diplexers achieve calculated minimum
common port passband return losses of about 25 dB; the
values of the corresponding triplexes are about 20 dB.
The theory is verified by measured results of the individual
components (i.e., septate E-plane power divider, H-plane
tee, and the metal insert filter), by comparison of the
common-port scattering coefficients with the characteristic
of the individual filters, and by measurements at a Ku-band
diplexer prototype.

II. TMEORY

For the computer-aided design of the quasi-planar mul-
tiplexer (Fig. 1), the known modal S-matrix method is
applied [14], [22], [24], [25]. For the field theory treatment,
the complete actual multiplexer structure (Fig. 2(a) or (b),
respectively) is decomposed into appropriate general key
building-block elements (Fig. 3):

1) The waveguide E-plane or H-plane n-furcation (Fig.
3(a)). The E-plane n-furcation with the individual
modal S matrix SE (Fig. 2(a)) is utilized for the
multiplexer type in Fig. l(a) (for this case, the c
expressions in Fig. 3(a) denote the waveguide b

dimensions). The H-plane bifurcation (with M= II)
is used for calculating the filter coupling sections
(cf. Fig. 3(d); the c expressions denote the corre-
sponding a dimensions).

2) The abrupt change in wa.veguide height or width (Fig.
3(b)). The change in height is utilized for the trans-
former section with the modal S matrix SJ in Fig.

a .@-@’-... s, ~L,-1 ‘E ‘@-@’

(b)

Fig. 2. Scheme for the calculation of the overatl modal scattering ma-
trix of the multiplexer. (a) Septate E-plane multiplexer. (b) H-plane
stit-coupled manifold multiplexer, with the inductive iris slit-coupled
metaflic E-plane filters.

2(a) (c in Fig. 3(b) denoting the b dimensions). The
change in width is necessary for calculating the
H-plane iris (Fig. 3(e)) with the matrix SB (Fig.
2(b)) (c stands for the a dimensions).

3) The H-plane tee (Fig. 3(c)} with the matrix S~ (cf.
Fig. 2(b)).

Combination with the known scattering matrices of the
corresponding intermediate -homc)geneous waveguide sec-
tions SL, Sc,SLC (Fig. 2) yields the modal S matrices of
related subelements, e.g. S~~ in Fig. 2(b). The overall
scattering matrix of the total multiplexer is then calculated
by a suitable direct combination of all single modal
scattering matrices [14], [22], [24], [25].

Along the H-plane slit coupled manifold lmultiplexer
(Figs. l(b), 2(b)), only TEnO modes are excited at the
H-plane discontinuities [23]. For the septate E-plane mult-
iplexer (Figs. l(a), 2(a)), however, the direct combination
of all individual structures (E-plane and H-plane step
discontinuities), without any restrictions concernirtg their
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Fig. 3. Key building block elements, and complete filter coupling sec-
tions of finite lengths, for the calculation of the overall scattering
matrix of the multiplexer. (a) Generaf E- or H-plane n-furcation key
building block. (b) Key building block of abrupt change in waveguide
height or width. (c) H-plane tee key building block. (d) Metaf strip
coupling section of finite length. (e) H-plane iris coupling section of
finite length.

mutual distance, requires all six field components to be
considered, at each discontinuity. For the general homoge-
neous waveguide subregion vnder consideration, therefore,
the fields [23]

H= – ~ rotrot(Ah=<) +rot(~,z~z) (1)
jup.

are derived from the z components of the magnetic (h)
and electric (e) vector potentials

where 0 =1,2,3,. . . , M, (M, = total number of subre-
gions), i“ is the index for all TE and TM modes in each
subregion, Q denotes the normalization factors due to the
complex power, and T represents the eigenfunctions in the
corresponding subregions [14], [20], [22]–[25]. A denotes
the amplitude coefficients of the forward (+) and back-
ward ( – ) waves, and k, represents the wavenumbers of
the corresponding TE and TM modes [23]. For the special

case of TE~O mode excitation, the electric vector potential
in (1) is chosen to be A.= = O.

By matching the tangential field components at the
common interfaces at the individual step discontinuities,
the wave amplitude coefficients of (2) can be related to
each other after multiplication with the appropriate or-
thogonal function [14], [20], [22]–[25]. This yields the modal
scattering matrices of the key building-block discontinui-
ties in Fig. 3.

The relations for the modal scattering matrix elements of

the general E- and H-plane n-furcation (Fig. 3(a)) are given
by

sLL sLk

r%

( )“ (&+= – @k$LL + @ AL++ E – &k~Lk ~k-+
— — )

(3)
ku

&

+ ~ – GLk~LU&u-—
u

I, II, III,..., M (cf. Fig. 3(a)), u = I, II, III,..., M(u # k),

and the elements Q are elucidated in the Appendix. Note
that only one matrix inversion is required for deriving the
relations in (3).

The modal scattering matrix of a general w~veguide step
discontinuity (Fig. 3(b)) is already available [24], [25]. For
deriving the equations of this key building block, the
reader is therefore referred to the literature.

The relations for the modal scattering matrix of the key
building-block H-plane tee (Fig. 3(c)) are given by

4;- = (MA+- MJ4;++(MA + MJ4i1+

+ iW2)&+ (4)

+ (&v3 + i144)@+

in the Appendix.

& = &4;++ iv2AjI+ + &Jl;II+

where these elements also are elucidated
For the filter coupling section elements, metal strip (Fig.

3(d)) and inductive iris (Fig. 3(e)), it is numerically more
adequate to calculate the related modal scattering matrices
of the complete section of finite length 1 directly by using
the formulations of the corresponding key building-block
elements instead of decomposing the structure into more
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Fig. 4. Scheme for the general direct combination of the modal scatter-
ing matrices of two multiports.

possible subelements. The relations for the modal scatter-
ing matrix elements of the metal strip section (Fig. 3(d))
and the inductive iris section (Fig. 3(e)) of finite length 1
are given by

(a)

y
[dB]

(b)

Fig. 5. Scheme for the computer optimization (cf. eqs. (8) and (9)).
(a) Metatlic E-plane filters. (b) Overall multiplexer including the filters.

s11, already been demonstrated for two-ports (cf. [’20], [22],

r [24], [25]). For the multiplexer structures considered in this
~:-= ‘y(~– g –q~ +r)-QJ)’&+ paper (Fig. 2), the general relations, which may be used

s121
iteratively, combining the multiport modal scattering
matrices ~ and & (Fig. 4), are given by

, ,

where i =1,2 denotes the elements of the strip section (Fig.
3(d)) or inductive iris section (Fig. 3(e)), respectively; ‘4kN49’lJ’’N+J-11
M = II (strip section), M = I (iris section), and

IN–1 \

~:=(g–@f)-l & = unit matrix

(7)

where k=l,2,3,. ... landl= ===2,3,4, ””., M. Note that
relations (7) require only one matrix inversion:

The choice of the corresponding submatrix elements Q,
which are elucidated in the Appendix, determines the
mode excitation desired: TE~O modes in the case of the
manifold multiplexer and all TE and TM modes for the
septate E-plane multiplexer.

In order to preserve numerical accuracy, a direct combi-

nation of the modal scattering matrices of all step discon-
tinuities and of the intermediate homogeneous waveguide
sections is used. The advantage of this procedure has

A computer program was written using the preceding
relations and utilizing the evolution strategy method (cf.
[20], [22], [25], [26]) for optimizing the geometrical parame-
ters for given specifications. Sufficient asymptotic behavior
has been obtained by consideration of 14 TEI., TMI., and
43 TEWO modes for the septatc -&plane diplexer and
triplexer configurations calculateci in this paper. Conver-
gence investigations by an additional inclusion of five
higher order TEn. and TM~. modes of subsequent cutoff
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wavenumbers show that these modes are negligible for an TABLE I

adequate distance between the E-plane and H-plane step COMPUTER-OPTIMIZEDDIMENSIONS(IN MM) OF ‘rFrEMETALLIC E-PLANE

discontinuities. Consideration of 45 TEn,O modes has

turned out to be sufficient for the H-plane slit-coupled

manifold types.

III. DESIGN AND RESULTS

The computer-aided design is carried out in two steps by
an optimization program which applies the evolution strat-
egy method [20], [22], [25], [26]. In the first step, the
individual filters are optimized according to the given
specifications; these results are utilized for the initial val-
ues in the second step, which comprises the total multi-
plexer structure.

For the filter optimization in the first step (Fig. 5), an
error function F~~(.x) to be minimized is defined:

FM~(x) = ~ ({(2010g(lS,&,f dn)l)-l]Gd}2-G+
~=1

2

FILTERS FOR THE KU-BAND DIPLEXER EXAMPLES

. .

l-%

m.
Q-IL

s“., s.

Filter 3 Filter 4 Filter I Filter 2

Ku - Band
~

5 7 7

resonators resonators resonators resonators

Flg 8 8 7 7’

so 0,190 0190 0 190 0 190

s, = Sn 3 Ill 3.696 3 S07 3.970

s: = s“., 9.979 11519 10.97 I 11Y87

S3=S 11446 13 ~1~
n–: !2.669 13719

S4 = sh_3 13.034 14 082

R, = R“ 8955 7 742 8.961 8 298

R2=R 8968
n- I

i 717 8971 8293

RS = Rn-2 8.968 i 715 8.971 8.293

R4 8 971 8.293

where

Md = maximum frequency sample points in passband
(about 5-10),

M~’11= maximum frequency sample points in stopbands
(about 5-10),

fdl
111

}
= frequency sample points in passband and stop-

L,’ band,
x = parameter vector including the metal strip and—

resonator lengths of the filters to be optimized,
G~= weighting factor (about 2-100),

a 1’II = desired stopband attenuation,
~zl = calculated transmission coefficient of the filter.

(9)
TABLE II

The results of the filter optimization for the examples
presented in this paper are given in Tables I and H.

For the overall multiplexer optimization in the second
step (Fig. 5(b)), the inclusion of the stopband behavior has
turned out to be unnecessary. The error function F(y) to
be minimized, therefore, is based only on the most cfitical
design criterion, the return loss behavior,

COMPUTER-OPTIMIZED DIMENSIONS (IN MM) OF THE METALLIC E-PLANE

FILTERS FOR THE E-BAND DIPLEXERS AND TRIPLEXES

L A

Filter I Frlter 2 Filter 3

E - Band ? ? 7

resonators resonators resonators

F,g 9,10 9,10 10

so o 040 0 040 0.040

Si=s o 731
n

O 780 0.873

s. = Sri., z ~60 2.371 2 572

s; = sn_2 2 601 2 729 2936

S4=S ? 674 2.810
n-3 3.014

R, z R“ 1.854 1.741 1.638

R: R“., 1 8.;7 I 743 1 637

R7 = Rn.2 1.857 1 743 1637

R I 8S7
4

1 ?43 1 637

where

M = maximum frequency sample points of all N pass-
bands,

~ = frequency sample points,
a ~r=desired return loss,
~ = parameter vector including the complete multi-

plexer dimensions to be optimized, such as (Fig.
l(a)) transformer section lengths and heights and
spacing to the first filter segments.
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Fig. 6. Verification of thetieo~by available measured udcdculated results. (a) Narow-bmd E-DbmeDowerdividerU41. .
(b), (c) H-plane tee [13]. (d) Metal insert filter [20].

. . .,

For a first verification of the theory, available measured
results of some typical single components are considered.
Fig. 6(a) compares thecalculated scattering coefficients of
a narrow-band E-plane bifurcation power divider with
available measured data [14]. Very good agreement be-
tween measurements and theoretically predicted values is
obtained. This holds also for the H-plane tee (Fig 6(b),
and (c)) and the metal insert filter (Fig. 6(d)). For a second
verification (Fig. 7), the insertion loss of the individual
filters, indicated by the delta sign, is compared with the
corresponding calculated overall scattering coefficients, be-
tween ports 1 and 2, and 1 and 3, respectively. The septate
E-plane diplexer (Fig. 7(a)), and the H-plane slit-coupled
manifold diplexer (Fig. 7(b)) demonstrate the very good
agreement between the results.

To show the influence of the septum thickness on the
diplexer characteristic, a computer-optimized Ku-band di-
plexer design example with two five-resonator metallic
E-plane filters in the septate waveguide regions is pre-
sented in Fig. 8, for two septum thicknesses. Due to the

inclusion of all relevant design parameters in the optimiza-
tion process, only a one-step transformer is required to
achieve the desired passband return loss of 26 dB. This
holds nearly for greater septum thicknesses as well, as is
shown by a design example with t= 3 mm (24 dB return
loss).

For higher frequencies, a two-step transformer has been
chosen, as is demonstrated by the E-band septate E-plane
design example in Fig. 9(a). The ~common-port return loss
of about 26 dB may nearly be achieved also by the
manifold diplexer type (Fig. 9(b)). The efficiency of the
design method described is demonstrated by the E-band
triplexer design examples shown in Fig. 10(a) (septate
E-plane type) and Fig. 10(b) (manifold H-plane slit-cou-
pled type).

A comparison of the calculated with the measured over-
all insertion 1OS$is shown for a septate E-plane diplexer
realized in the waveguide Ku-band (Fig. 11). The measured
minimum insertion loss is about 1 dB in both channels.
The measured return loss (not shown here) was between 17
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Fig. 7. Common-port scattering coefficients of Ku-band diplexers compared with the results of the single filter elements
(AA A). The filter dimensions are given in Table I.

(a) Septate E-plane type:
~ =15799 mm, b = 7.899 mm, f =1 mm, bg =16.798 mm

Filter 1: &,,= 15 GHz/B/j&,, = 0.012
Filter 2: ~m,,, = 15.44 GHz/B/~ml,, = 0.0117
bl = 8.469 mm, 11= 5.544 mm, c1 = 6.832 mm
bz=12.932mm, 12= 8.636 mm, C2= 7.820 mm
[g =16.212 mm

(I&,,, = midband frequency; ~/f~,,, = relative bandwidth).
(b) H-plane manifold type:
~ =15.799 mm, b = 7.899 mm, t =1 mm

Filter 1: jm,,, = 15 GHz/B/~m,, = 0.012
Filter 2: ~m,,, = 15.44 GHz/B/&(, = 0.0117
II =15.672 mm, WI=11.911 mm, c1 = 5.399 mm, dl = 22.671 rnnr
1A= 0.052 mm, W2= 12.2 mm, C2= 2.871 mm, dz= 0.052 mm.

and 32 dB for channel 1, and between 15 and 23 dB for
channel 2. The deviations between theory and measure-
ments are due to fabrication tolerances, which, for this
first prototype example, are relatively high (up to 0.1 mm).
The diplexer (Fig. 12) has been realized by using a milling
machine for the waveguide housings; the filter resonators
on the common metal sheet in the E-plane have been
fabricated by metal-etching techniques.

IV. CONCLUSIONS

The modal S-matrix method described achieves a rigor-
ous computer-aided design of two novel types of quasi-
planar millimeter-wave multiplexer. Very compact designs
are possible by using E-plane filters printed on a common
metal sheet which is directly integrated in the septate
sections of an E-plane trifurcated split-block waveguide
housing. Further, the known useful principle of manifold
multiplexer is extended to the case of millimeter-wave
printed metallic E-plane filters. The optimization process
takes all relevant influences into account, such as finite
metallization thicknesses and higher order mode interac-
tions at all discontinuities. As accurate and inexpensive

metal-etching techniques may be utilized, the exact design
theory permits high-performance, low-cost manufacturing
of low-insertion-loss millimeter-wave multiplexer with-
out the need for additional “trial-and-error” adjustment
methods.

APPENDIX

A. Matrices ~ ‘k of Equation (3)

~Lk = ~YL~Lk~Zk,
— — — . k = I, II, 111,. -., M. (Al)

Elements of the diagonal matrices Q ‘L, ~ ‘k:

Fk zhi

r k=]1 &)p
DYL= _

1 Zfe = UC %k=~ (AZ)
$,

kZ,,

KLK are the coupling matrices of the E-plane and H-plane—
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Fig. 8. Influence of the septum thickness on the diplexer characteristic. Ku-band septate E-plane diplexer example.

a =15.799 mm, b = 7.899 mm
Filter 3: ~m,, = 15 GHz/B/&,, = 0.017,
Filter 4: ~~,,t = 15.85 GHz/B/&, = 0.016.
t= 1mm: bg=16.798mm
bl = 14.887 mm, II= 2.434 mm, c1 = 9.074 mm,
[g= 12.977 mm, C2= 8.285 mm,
t= 3 mm: bg =18.798 mm
bl = 14.464 mm, II= 2.539 mm, c1 = 7.291 mm
ig = 14.621 mm, C2= 6.500 mm.
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Fig. 9. Computer-optimized E-band diplexers.

(a) Septate E-plane type: (b) H-plane manifold type:

a = 3.099 mm, b=1.549mm, t= 0.25 mm, bg= 3.348 mm a = 3.099 mm, b =1.549 mm, t = 0.2 mm

Filter 1: j&,t = 75 GHz/B/&,, = 0.00893 Filter 1: &,,= 75 GHZ/B/&l, = 0.0893

Filter 2: ~m,,, = 76.8 Gfi/B/~mi~~ = 0.00872 Filter 2: ~ml,, = 76.8 GHz/F./j&,~ = 0.0872

bl = 1.662 mm, 11=1.348mm, Cl= 1.560 mm II= 3.214 mm, WI= 2.466 mm, Cl= 0.934 mm, dl = 4.817 mm
b2 = 2.506 mm, 12= 0.126 mm, Cz = 1.790 mm
1~= 3.172 mm.

fk = 0.006 mm, W2= 2.408 mm, C2= 0.656 mm, dz = 0.009 mm
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Fig. 10. Computer optimized

(a) Septate E-plane type:
a = 3.099 mm, b-1.549 mm, t= 0.25 mm, bg= 5.147 mm
Filter 1: ~~,,, = 75 GHz/B/~~,,, = 0.00893
Falter 2: fro,,,= 76.8 GHz\l?/~m,,t = 0.00872
Filter 3: j~,,t = 78.6 GHz\Lf\~~,,t = 0.00852
bl = 1.863 mm, II = 3366 mm, c1 = 0.865 mm
b2= 4.404 mm, 12=1.672 mm, C2= 1.364 mm
1~= 2.064 mm, .3 = 1.097 mm.
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E-band tnplexers.

(b) H-plane manifold type:
a = 3.099 mm, b =1.549 mm, t = 0.2 mm
Filter 1: ~m,,, = 75 GHz/l?/~m,,, = 00893
Filter 2: ~~i,, = 76.8 GHz/B/j&,, = 0.0872
Filter 3: ~ml,, = 78.6 GHz\B/~~lt, = 0.085’2
/l= 3.319 mm, WI= 2.306 mm, c1 =1.420 mm, dl = 4.500 mm
[2= 5.114 mm, W2= 2.277 mm, Cz= 0.734 mm, dz = 0.010 mm
1A= 0.005 mm, W3= 2.151 mm, q = 2.967 mm, d~= 0.291 mm.
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Fig. 11. Comparison of the calculated and measured overall insertion loss of a septate E-plane diplexer realized in the
waveguide Ku-band.
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Tl~~ are the eigenfunctions, and Zl, , the wave impe-
dan~es (A2) [23] of the subregions. Fk’ is the area of the
subregion k, and R ~ is the corresponding boundary.

B. Matrices of Equation (4)

HI = – @l~II, lIIDY,lll + @2~1, IIIDY, III
. — (A7)

Ml= @l@y’l – ~2~y’IDel-’— (A8)

iW3= – QIQY’l D’I-’+ ~2Qy,1. (A9)

~d = @l~ 1,mD Y>m_ ~z~ U,IIID Y, III
— (A1O)

~2 =x( – KIII, IDy,I~3 – KIII> IIDy,I~2 _ ~111, H@Y, I)
— — —

(A12)

~3 =x( – ~ lll! lQY, I&fl – K III, II~Y, 1~4 + ~ Y,IH~eIII-’ )—— .

(A13)

~= (~111, IDy,I~l + KIII, IIDY,I~4 _ DY,IIIDcIII) ‘l.
— — —

(A14)

~ are the coupling matrices of the H-plane tee element
(Fig. 3(d)). The elements of the matrices are given by

n7r lr

KY 1“ = ( - I)”K}; 1’1

K;;> 11= - (- l)nK;fl>r,

(A16)

(A17)

(A18)

The elements of the diagonal matrices ~ “1, ~ “*II, @’I,
and @’111are given by

For diagonal matrices @l and @z:

@l= D’I-lQ—

~== (@y’l”e’)-l(& ~eI-~,l-l)-’— —— _

C. Matrices ~Lk of Equation (6)

1) Case of TE~O modes:

GLk = D YL&Jp Zk
—

Elements of the diagonal matrices ~yL, ~ ‘k:

(k= I, II).

(A19)

(A20)

(A21)

(A22)

(A23)

(A24)

~~kk are the coupling matrices of the single H-p]ane furca-
tion given by (A4).

2) In the case of TE, TM mode excitation, tlhe matrices
~~k are given by relations (A1)-(A6).
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